In actual applications of regression analysis, users face two difficult problems. One is to find the most appropriate functional form, while the other is to search for the best subset derivable from a given set of all possible explanatory variables. Variable selection for the Box-Cox transformation may be useful to concurrently solve both problems. The purpose of this paper is to (1) concretely formulate the j-th OLS-best subset problem for the Box-Cox transformation, (2) introduce a knowledge-based computational method to solve it and (3) propose a solution to the (first) OLS-best subset problem (j = 1) or one selected by a user among solutions to the first j OLSbest subset problems (j > 1) solved in a run of a computer as a solution to a variable selection problem for the Box-Cox transformation. The integer j, specified by the user, depends on his scientific knowledge, criteria for statistical and data-analytic tests and model-building experience.
Introduction
The role of data analysis is eventually to let data tell the truth they veil. Unfortunately, they do not easily do so. When we set up an appropriate condition and environment for them in the same way that seeds of a crop germinate in an appropriately-moist, fertile and plowed soil with warm weather, they try to tell it. As the seeds never germinate healthily in a dry and hard soil and/or with cold weather, the data do not easily unveil the truth only through statistical tests. Data analysis is part of statistics. Statistics is an applied science but not one which surpasses all other sciences. It is independent of them and as important as well. The knowledge established in the science(s) related to research in question, including natural logic and correct common sense, is definitely needed to solve an applied statistical problem in addition to statistical knowledge. Let us call it professional knowledge. A statistical model constructed only with statistics is not so effective as expected to solve an actual problem, social or natural, in a society and frequently aggravates the situation, because it is not necessarily reasonable from the viewpoint of the science related to the research, even though it is statistically best. No mistakes and errors are allowed for users, especially business managers and policy makers. Their social responsibilities are serious. In applications of statistical methods, resources such as brain labor, paper, i.e., wood resources, electricity and toner should not be wasted. It is necessary to concretely formulate statistical problems which convince not only statisticians but also users in various academic, governmental and industrial fields and create knowledge-based computational methods to actually solve them. Generally speaking, so long as statistical methods fail to yield not only scientifically reasonable but also statistically and data-analytically best results, statistics cannot become an expansive science which attracts many wise students and collects sufficient research funds. As a result, the statistical society stagnates and even shrinks.
The purpose of this paper is to (i) concretely formulate the j-th OLS-best subset problem as a variable selection problem for the Box-Cox transformation (Box and Cox, 1964) , (ii) introduce a knowledge-based computational method to solve it, (iii) propose a solution to the (first) OLS-best subset problem for the Box-Cox transformation (j = 1) or one selected by a user among solutions to the first j OLS-best subset problems for the Box-Cox transformation (j > 1) solved in a run of a computer as a solution to a variable selection problem for the Box-Cox transformation, (iv) install the program in the Intellectual Statistical System OEPP 1 and make it available and (v) demonstrate an application to civil servants in prefectural governments in Japan.
The method to be proposed searches for a practically-best regression equation which is defined as not only scientifically reasonable but also statistically and data-analytically best on the condition of the appropriate scientific, statistical and data-analytical criteria specified by a user. It is an informatic and computational method that referees of a journal in his academic field can accept, policy-makers can adopt or business excutives can employ. We define the following terms: a meaningful subset as a subset which includes all necessary explanatory variables for a dependent variable but excludes any unnecessary, redundant and/or contradiction-causing explanatory variables from the viewpoint of professional knowledge or, in other words, a subset which consists of only explanatory variables representing a behavioral, institutional, technical or natural-law-based relation to a dependent variable and a regression subequation as the regression equation of a meaningful subset when the j-th OLS-best subset problem is solved.
Box-Cox transformation
When M dependent variable candidates, say, Y 1 , Y 2 , . . . , Y M , which represent M respective data sets, are regressed on the i-th meaningful subset X X X X X X X X i of a set X X X X X X X X of all possible explanatory variables, the regression subequation for Y m can be expressed as follows 2 :
for some i and m = 1, 2, . . . , M (2.1) where Y m consists of the data y m t 's for the outcome; t ≡ sample point number; A m i ≡ column vector of true regression coefficients of X X X X X X X X i ; and U ≡ disturbance term.
The Box-Cox transformation is often used when a true functional form of a regression equation is not known. Let Y be a variable, a data vector or a data set of the original data y t 's of an outcome where y t > 0 for all t. M dependent variable candidates in the Box-Cox transformation for M ≥ 2 are defined as (i) Y 1 = Y which implies y 1 t = y t for all t; (ii) 
where a m k i i ≡ true but unknown regression coefficient; x
≡ datum of an explanatory variable with k i = 0 for a constant term; and u t ≡ disturbance.
Variable selection for Box-Cox transformation

Notation
For simplicity, we assume that no constraints are imposed on regression coefficients and no lagged dependent variables are included in all possible explanatory variables. 3 We introduce the following notation and rules for the j-th OLS-best subset problem for the Box-Cox transformation, although the notation for criteria are introduced in Subsection 3.2 and the others in the j-th OLS-best subset problem in Subsection 3.4: T ≡ number of all samples each variable has where t = 1, 2, . . . , T for T 1; Y ≡ original dependent variable or Y ≡ (y 1 , y 2 , . . . , y T ) = (Y × 1)-vector of its data y t 's observed or measured for the outcome at the t-th sample point where
Criteria for scientific conditions, statistical and data-analytic
tests A user has to specify the following criteria, if needed, for scientific conditions, statistical tests and data-analytic tests, depending on the type of data, the information on observations (for instance, structural changes caused by the oil crises) and the purpose of his research 4 : α 1 h = a priori known lower bound of the h-th magnitude condition based on the knowledge of the science related to the research at hand; α 2 h = a priori known upper bound of the h-th magnitude condition based on the knowledge of the science related to the research at hand; β = significance level (100β%) of a one-or two-tailed t-test for regression coefficients (0 < β 1); γ = significance level (100γ%) of the Durbin-Watson serial correlation test (0 < γ 1); ε = tolerance level for standardized residual test; η = significance level (100η%) of a χ 2 -distribution for the Jarque-Bera normality test (0 < η < 1); ν = significance level (100ν%) of a two-tailed t-test for a residual outlier (0 < ν 1); ψ = significance level (100ψ%) of an F distribution for the Chow equal coefficients test (0 < ψ < 1); ω = significance level (100ω%) of an F distribution for the Goldfeld-Quandt homoscedasticity test (0 < ω < 1); ζ = value (100ζ%) to define a turning point at t of y m t (0 < ζ 1);
Obtain in a run of a computer the practically j-th OLS-best regression sube-
[III] (i)Âm i must satisfy the following sign and/or magnitude conditions, if required from the viewpoints of the professional knowledge of the science related to the research:
and/or 
[IV] the following inequality for the Jarque-Bera normality test must hold to maintain the null hypothesis H 0 : U is normally distributed with the expectation E(U ) = 0 0 0 0 0 0 0 0 T at a 100η% significance level of a χ 2 test 7 (Jarque and Bera, 1980) :
where χ 2 2 (η) = η percentile of a χ 2 distribution with 2 degrees of freedom; [V] the following inequality must be satisfied to adopt the specified alternative hypothesis H 1 or maintain the specified null hypothesis H 0 at a 100β% significance level of a t-test, depending on the purpose of the research, if necessary: 
≡ sets of the Box-Cox transformation numbers in which the hypothesis testings (i), (ii), (iii) and (iv) are made, respectively; and
[VI] the Durbin-Watson serial correlation test statistic DWm i defined below must satisfy the following inequality at a 100γ% significance level, if time series data are used Watson, 1950, 1951; Wallis, 1972) : for T > 6
for annual data (r = 1) or for quarterly data (r = 4) (Âm i for = 1, 2 is expressed in column vectors) (Chow, 1960) 8 :
[VIII] the Goldfeld-Quandt homoscedasticity test statistic GQm i concerned with equal variance σ 2 of the disturbance term U must satisfy the following inequality at a 100ω% significance level of an F test, if (i) it is considered that structural changes may have happened and affected σ 2 and (ii) the Goldfeld-Quandt test need be applied to maintain the null hypothesis H 0 : V(u t ) = σ 2 for all t (and covariance C(u t u s ) = 0 for all s = 1, 2, . . . , T but t = s) against the alternative hypothesis H 1 : V(u t ) = V(u s ) for at least one of pairs {t, s} (Goldfeld and Quandt, 1965 )
) by the order of the unknown but user-properly-guessed magnitudes of variances V(u t )'s and then partitioned into three submatrices (
[IX] (i)Êm i must satisfy the following t-test for a residual outlier at a 100ν% significance level for a rather small sample size T with T i ≥ 1, if necessary (Sawa, 1979) 
and/or (ii) all standardized residualsêm it 's defined below must not exceed the userspecified criterion value ε, if necessary 10 : (3.16) 9 If the sample size T is large, the outlier t-test is not effective, because ν/2T → 0 so that where
Ŷm i must satisfy the following turning point test defined by the userspecified ζ, if (i) time series or longitudinal data are used (T ≥ 3) and (ii) it is necessary: if
and [XI] the specified adjusted coefficient of determination (Rm i ) 2 ofŶm i defined below is greater than or equal to θ and the j-th largest among the specified adjusted coefficients of determination of the subsets which satisfy (i) all those applied from among the conditions [I] to [X] and (ii) (3.22) in [XI] 11 (Theil, 1961) :
Remarks on a solution, diagnosis and prediction
When a user obtains an unsatisfactory regression equation as the best, he may be disappointed very much. Sooner or later, a distrust of statistics may be instilled in users' minds. Therefore, thorough scrutiny is needed to search for the practically-best regression equation. The first condition [I] in the j-th OLS-best subset problem for the Box-Cox transformation is not related to statistical computing but is a knowledge-based and decisively important condition for 11 If the Akaike information criterion (Akaike, 1973) defined as AICm i = T {ln 2π + 1 + ln(Êm iÊm i /T i )} + 2(K i + 2) is employed instead of (Rm i ) 2 in the System OEPP, then (3.22) must be replaced with AICm i ≤ θ, the phrase "the j-th largest" must be replaced with "the j-th smallest" and an arbitrarily large positive number should be given to θ. T (ln 2π + 1) + 4, which is constant, is not essential. The 2 of (K i + 2) implies that a constant term a m 0i and variance σ 2 of a disturbance term are counted as unknowns. −∞ < AICm i < +∞. [X] are finally ranked by the condition [XI] . It must be noted that the practically j-th best regression subequation depends on Q and M specified by a user. If severe criteria are set at Q, no solution may exist.
It is easy to make a computer print until which condition a meaningful subset has passed in the conditions [III] to [XI] . If all meaningful subsets failed to pass the sign and/or magnitude condition [III] , there is no statistical and dataanalytic diagnosis when the professional knowledge used is correct. However, if at most one meaningful subset passed the condition [III] but all meaningful subsets failed to pass one of statistical and data-analytic conditions [IV] to [XI] , it is possible to provide the user such a diagnosis that a weaker criterion for that statistical or data-analytic test may yield a solution. Needless to say, a prediction must be made by each of the first at most j practically-best regression subequations, if requested. The total significance level φ for the practically best regression equation may be defined as φ = 1−(1−β)(1−η)(1−γ)(1−ψ)(1− ω)(1 − ν). If a statistical test is not applied, a zero value should be substituted into the corresponding significance level. Roughly speaking, the practically best regression equation is adopted, if it exists, with a 100φ% risk of committing a type I error or with a 100φ% risk that it was actually not best.
Processing of professional knowledge
A priori known signs of regression coefficients
Here a computational method adopted in the System OEPP is explained to solve the j-th OLS-best subset problem for the Box-Cox transformation, although a computer programmer can develop his own computational techniques. The information about the signs of some regression coefficients is often available from the professional knowledge related to research at hand. A user may want to test hypotheses about the signs of some regression coefficients. In this situation, it is convenient to attach the a priori known or to-be-hypothetically-tested signs, + or −, to the fronts of such explanatory variables in loading a dependent variable together with all possible explanatory variables into a computer. Let ♦ denote +, − or nothing and braces { and } stand for a set or subset of variables. Therefore, ♦X implies +X, −X or X. {+X 1 , −X 2 , X 3 } implies a (sub)set of variables X 1 , X 2 and X 3 the a priori known signs of whose regression coefficients are positive, negative and unavailable, respectively.
Basic variable classifications
Double variable classifications of (i) single or grouped variables and (ii) combinatorial or sequential variables must be applied for all possible nonconstant explanatory variables in order to solve the condition [I] in the j-th OLS-best subset problem for the Box-Cox transformation. Although we omit the proof, double variable classifications are necessary and sufficient for a computer to generate only all meaningful subsets in a run of a computer, no matter what research is conducted.
Single or grouped variables
A single variable is defined as one which has its meanings or role by itself in interpreting the regression equation. Most explanatory variables are usually treated as single variables. On the other hand, a grouped variable is defined as one which cannot have its clear meanings or role by itself but can have it only when it is used together with the other appropriate variables. In most research, grouped variables represent (i) complementary relations such as a pair of patients' expenditures of medical doctors' services in hospitals and the prescribed medicines bought in pharmacies or a pair of computer hardware and software or (ii) a choice of an aggregate variable X or a cluster (or set) of all K componentwise variables X 1 , X 2 , . . . , X K for K = 2, 3, . . . , where X = K k=1ᾱk X k wherē α k = known weight for X k . It is understood that a cluster of grouped variables must be treated just like a single variable in variable selection.
In order to distinguish a single variable with/without the a priori known sign of the regression coefficient from a cluster of grouped variables with/without the a priori known signs of their regression coefficients, we postulate that the latter is enclosed within parentheses ( and ) like (♦X 1 , ♦X 2 , . . . , ♦X K ) for some K = 2, 3, . . . and, furthermore, in variable selection, it is treated just like a single variable and the parentheses are ignored in the subsets which include the cluster of grouped variables.
Let X represent a single variable with/without the sign, ♦X, or a cluster of grouped variables with/without their signs, (♦X 1 , ♦X 2 , . . . , ♦X K ). X is called a condensed variable. For instance, if X = +X, then X means a single variable X whose regression coefficient must be positive, implying that it is a priori known or must be hypothetically tested that an increase (or a decrease) in X increases (or decreases) the dependent variable, ceteris paribus. Furthermore, if a user wants to apply a t-test, +X requires a one-tailed t-test but not a two-tailed ttest, implying that an F test is inappropriate. If X = X, then X means a single variable X whose regression coefficient can be positive or negative and requires a two-tailed t-test or an F test. If X = (+X 1 , −X 2 ), then X means a cluster of grouped variables X 1 and X 2 whose regression coefficients must be positive and negative, respectively. The grouped variables X 1 and X 2 cannot be separately selected.
implies that X 1 = −X 1 , X 2 = (+X 2 , −X 3 ), X 3 = +X 4 and X 4 = X 5 . There are 5 explanatory variables X 1 , X 2 , X 3 , X 4 and X 5 with/without their signs, whereas there are 4 condensed variables X 1 , X 2 , X 3 and X 4 .
Combinatorial or sequential variables
Only condensed variables are here focussed on. Let Ω 0K ≡ {0, 1, 2, . . . , K} and Ω 1K ≡ {1, 2, . . . , K}.
• Basic combinatorial variables Let P ∈ Ω 0K , Q ∈ Ω 0K , P * ≡ min{P, Q}, Q * ≡ max{P, Q} and K ≡ number of condensed variables where 0 < P + Q. We postulate that
. . , Q * , and, furthermore, (ii) investigates whether or not the estimated regression coefficients of the variables in all meaningful nonempty subsets derived from (4.1) meet the + or − signs, if indicated in X k 's for k = 1, 2, . . . , K, when (4.1) is used for estimation. X 1 , X 2 , . . . , X K in (4.1) are called a cluster of combinatorial condensed variables.
A user introduces condensed variables X 1 , X 2 , . . . , X K and knows the appropriate integers for P and Q from the viewpoints of the professional knowledge. It is impossible for him to implement his research well, otherwise. It must be noted that the positions of X k 's within a pair of combinatorial variable classifiers < P < and > Q > do not matter. Needless to say, if P = 0 or Q = 0, then an empty subset becomes meaningful with respect to these condensed variables and is usually used together with other clusters of classified variables.
Example 2. case of K = 4, P = 0 and Q = 2,
and X 3 ≡ X 4 , (i) generates the following 7 meaningful subsets with respect to +X 1 , X 2 , −X 3 and X 4 : • Basic sequential variables Let P ∈ Ω 0K or P ∈ Ω 1K and K ≡ number of condensed variables. We postulate that
(i-1) generates (K − P + 1) meaningful subsets {X 1 , X 2 , . . . , X p } for p = P, P + 1, . . . , K if P ∈ Ω 1K or (i-2) generates (K + 1) meaningful subsets ∅ and {X 1 , X 2 , . . . , X p } for p = 1, 2, . . . , K if P = 0 and, furthermore, (ii) investigates whether or not the estimated regression coefficients of the variables in all nonempty meaningful subsets derived from (4.2) meet the + or − signs, if included in X k 's for k ∈ Ω 1K . X 1 , X 2 , . . . , X K in (4.2) are called a cluster of sequential condensed variables. It must be kept in mind that the positions of sequential variables within a pair of sequential variable classifiers < P < and >> or << and > P > are decisively important.
Example 3. case of K = 5 and P = 2 and (ii) investigates the signs of the regression coefficients of these 4 meaningful subsets. , X 3 } generated by < 0 < X 1 , X 2 , X 3 >> or << X 3 , X 2 , X 1 > 0 > with respect to +X 1 , −X 2 , X 3 and +X 4 and [2] only one partially meaningful subset {X 5 } generated by < 1 < X 5 > 1 > with respect to X 5 , and, furthermore, (ii) investigates the signs of the estimated regression coefficients of the signed variables in these 4 meaningful subsets, where X 1 = +X 1 , X 2 = (−X 2 , X 3 ) and X 3 = +X 4 . Needless to say, the following are equivalent to the above entries:
Functional form
All meaningful subsets generated through (4.1) and/or (4.2) are equivalent to each other before estimation and evaluation. In other words, it is not known before estimation and evaluation which meaningful subset becomes practically best. Let X 0 be a constant term. We postulate that X 0 is not enclosed within any symbols, a dependent variable is expressed as a function of a constant term, if needed, and a set of all possible explanatory variables which are classified and X 0 is automatically included in all derived meaningful subsets.
Let us give an example. Suppose that the Box-Cox transformation is utilized with the following functional form 12 : for M Box-Cox transformations
where Y = original dependent variable; X 0 = constant term; X 1 , X 2 = single and combinatorial variables (X 1 = absolutely important, fixed or core variable in other words); X 3 , X 4 = grouped and combinatorial variables; and X 5 , X 6 , X 7 = single and sequential variables. The regression coefficients of X 1 , X 4 , X 5 and X 6 must be positive as (part of) scientific conditions, whereas those of X 2 and X 7 must be negative. It is clear that no a priori known signs are available for the regression coefficients of the constant term X 0 and the explanatory variable X 3 . The functional form (i) generates the following 8×M meaningful subsets: For instance, by +X 1 introduced in the functional form, the estimated regression coefficientsâ m 1 > 0 for all = 1, 2, 3, 4, 5, 6, 7, 8 and all m = 1, 2, . . . , M are required as one of the preconditions for application of statistical and dataanalytic tests. Only the regression subequations which passed all sign conditions are, furthermore, scrutinized by magnitude conditions for the regression coefficients and statistical and data-analytic tests, if required.
Computational procedure
Let us illustrate the essential computational procedure for a computer. Suppose that L = number of all meaningful subsets X X X X X X X X 's derivable from X X X X X X X X, which can be easily calculated by variable classifications.
• Step 1: Identify a dependent variable Y , all possible explanatory variables X X X X X X X X and variable classifications made on X X X X X X X X in a functional form, the number M of all Box-Cox transformations 13 , scientific conditions, statistical and data-analytic criteria Q and the number j of the first j practically-best regression subequations.
• Step 2: Calculate X X6. An example
Variable selection
Suppose that we have sufficient professional knowlede about the administrations of local governments and rich modelling experiences, plausible significance levels are subjectively selected for statistical tests and j = 1 is set. Let us demonstrate from the heuristic viewpoints how to use the proposed method in three steps together with two contingent steps by the System OEPP. OLS is directly used in the first and second steps and then Box-Cox transformation is applied in the third step as a result of the failures in the previous 2 steps. The purpose is to search for the scientifically reasonable and statistically best regression equation, i.e., the practically best regression equation, by trial and error, for the numbers of civil servants in the assembly and general affairs combined sectors in 46 prefectural governments, except for the Tokyo metropolitan government, in the research on an administrative reform for prefectural governments. Since Tokyo is the capital of Japan, the administrative functions of the Tokyo metropolitan government differ from those of the other 46 prefectural governments. Thus, the sample size is 46 and cross-sectional data in 1996 are used and listed in Appendix. We use the following variable notation:
and the number M of the Box-Cox transformations are inputted for the command METHOD, then OLS for m = 1 and Box-Cox transformation for OLS for m = 2, 3, . . . , M are applied. BCE conducts estimation for the Box-Cox transformations only for explanatory variables, whereas EBC does so for the Box-Cox transformation extended to both a dependent variable and explanatory variables, where all data relevant to the Box-Cox transformation must be positive. Y = number of civil servants in assembly and general affairs combined sector (unit: persons); X 0 = constant term; X 1 = number of households (1,000 households); X 2 = number of citizens in all cities (1,000 persons); X 3 = number of residents in all towns and villages (1,000 persons); X 4 = habitable area (= administrated area minus mountainous and lacustrine areas) (km 2 ); X 5 = administrated areas (km 2 ); X 6 = number of citizens in ordinance-designated cities (shitei toshi in Japanese) whose populations are one million or more and to which various administrative rights of importance are transferred from prefectual governments (1,000 persons); X 7 = number of citizens in core or kernel cities (chuukaku toshi in Japanese) whose populations are less than one million but exceed 200 thousands and to which some administrative rights are transferred from prefectural governments, where no ordinance-designated cities are near (1,000 persons); X 8 = number of residents in high population-density areas (1,000 persons); X 9 = net population movements (100 persons); X 10 = areas administrated by ordinance-designated cities (km 2 ); X 11 = standard financial sizes (100 million yen); X 12 = number of all towns and villages (towns or villages); X 13 = dummy variable for the presence of the largest-in-the-Orient US military forces in Okinawa, which pushes the Okinawa government to hire more civil servants to deal with many problems on noise pollution by air planes, relocation of air force bases, criminal affairs, etc., whose regression coefficient is expected to be positive, if X 13 is adopted.
We set the following statistical tests and criteria: β = significance level 0.1 (10%) of a one-or two-tailed t-test hypothesis testing for the regression coefficients; η = significance level 0.05 (5%) of the Jarque-Bera normality test (χ 2 test); ν = significance level 0.05 (5%) of a two-tailed t-test for detecting a residual outlier; ε = 2.5 standardized residual tolerance level with acceptance of up to 2 violations; ψ = significance level 0.05 (5%) of the Chow equal coefficients test (F test) for a group (Kantou or Eastern Japan) of cross-sectional unit numbers 1 to 23 and a group (Kansai or Western Japan) of cross-sectional unit numbers 24 to 46; ω = significance level 0.05 (5%) of the Goldfeld-Quandt homoscedasticity test (F test) for a group (snowy area) of cross-sectional unit numbers 1 to 15 and a group (typhoon-often-hit area) of cross-sectional unit numbers 32 to 46; θ = 0.7 minimum tolerance level for an adjusted coefficient of determination which is used to determine the ordering of practically best regression subequation candidates. The total significance level for the practically best regression equation defined
.26694 or 26.694%, when the dummy variable X 13 is not selected, i.e., when the Chow equal coefficients test and the Goldfeld-Quandt homoscedasticity test are used. However, the total significance level for the practically best regression equation defined as 1−(1−β)(1−η)(1−ν) is 0.145 or 14.5%, when the dummy variable X 13 is selected, i.e., when the Chow equal coefficients test and the Goldfeld-Quandt homoscedasticity test cannot be used due to the special data structure of X 13 .
The following three steps are conducted by a notebook-type PC (VAIO, Sony).
Step 1 in which the professional knowledge both for variable classification of all possible explanatory variables and for scientific conditions on the signs (and magnitudes) of their regression coefficients is not used at all, although available here, and variances of a disturbance term are assumed to be constant (OLS without Box-Cox transformation is used for all possible regressions under the above statistical tests and criteria):
The number of all possible regressions of 13 possible explanatory variables is 8,191 due to 2 13 − 1 = 8191. They are easily generated and estimated by the following functional form and evaluated with the above statistical criteria:
Since the signs of the regression coefficients of all possible explanatory variables are not shown in the functional form (6.1), a two-tailed t-test is made for hypothesis testing for all regression coefficients. The statistically best regression subequation (6.2) was searched for among 8,191 possible regression subequations estimated with OLS in less than 6 seconds of CPU time: whereŶ 1809 = estimate of Y by the 1,809-th meaningful subset; (S.DEV.) = standard deviations (errors) of the estimated regression coefficients; (T -RAT IO) = tratios of the estimated regression coefficients;R 2 = coefficient of determination; R 2 = adjusted coefficient of determination; AIC = Akaike information criterion; SD,V = standard deviation and variance of a disturbance term, respectively; DF = degrees of freedom; JB = Jarque-Bera normality test statistic; OT = ttest statistic for a residual outlier; and T SL = total significance level.
Eight explanatory variables are selected. Their t-ratios in absolute values are large enough, the number of residual outliers is 1 which is within the specified tolerance level, normality is guaranteed and the fitting is very good. The statistically best regression subequation (6.2) looks really good and useful. Let us examine the meanings or roles of selected explanatory variables and implications of the regression coefficients in detail from the viewpoints of prefectural administrations. First of all, it is clear that X 2 requires more civil servants than X 3 . Unfortunately, X 2 was not selected but X 3 was. The selection of both X 1 and X 3 implies a sort of redundancy. X 6 assumes a positive regression coefficient. This implies that more civil servants are needed in spite of the fact that various administrative rights are transferred from prefectural governments to ordinacedesignated cities and the related civil servants are transferred to other sectors or are not replaced after they retire. Civil servants have job security, if they behave well without committing serious crimes. The regression coefficient of X 11 shows negative. However, the larger the standard financial sizes are, the more civil servants prefectural governments will be allowed to hire. The regression coefficients of X 6 and X 11 contradict these facts. Thus, the accountability is very poor. As a result, the above statistically best regression subequation (6.2) cannot be adopted for policy making 14 .
Step 1 The Box-Cox transformations for M = 6 (just for demonstration) were also applied for all possible regressions without any professional knowledge. Unfortunately, the same statistically best regression subequation as (6.2), which corresponds to m = 1, was obtained from among all 49,146 possible subsets in about 8 minutes 29 seconds of CPU time where 6 × 8191 = 49146. The Box-Cox transformations for m = 2, 3, . . . , 6 were not effective.
Step 2 in which the professional knowledge for variable classification of all possible explanatory variables is available and actually used but that for scientific conditions on their regression coefficients is not used, although available here, and variances of a disturbance term are assumed to be constant (OLS without Box-Cox transformation is used for all meaningful subsets with no sign conditions):
Let us classify all 13 possible explanatory variables X 1 to X 13 from the administrative viewpoints of prefectural governments. Since variable X 1 and a pair of X 2 and X 3 are alternatively important, < 1 < X 1 , (X 2 , X 3 ) > 1 > is appropriate, because prefectural governments must definitely offer administrative services to the residents. Variables X 4 and X 5 are also alternatively important so that < 1 < X 4 , X 5 > 1 > is appropriate, because administrative services must be offered whether the administrated areas are large or small.
Since variables X 6 to X 13 are considered to be completely optional, < 0 < X 6 , X 7 , X 8 , X 9 , X 10 , X 11 , X 12 , X 13 > 8 > is proper. All regression coefficients are examined by a two-tailed t-test. We inputted the following functional form together with the same statistical criteria:
The number of all meaningful subsets of the functional form (6.3), which correspond to 1,024 primitive one-regression-at-a-time procedures, is 1,024 by 2 × 2 × 2 8 = 1024. The following statistically best regression subequation was searched for in about 1 second of CPU time: The variable classification really reduced the calculation time. The statistically best regression subequation (6.4) is similar to but slightly worse than (6.2) in
Step 1. X 2 is selected instead of X 1 . The regression coefficients of X 6 and X 11 are not considered to reflect the facts by the same reasons mentioned above. As a result, the statistically best regression subequation (6.4) cannot be adopted for policy making.
Step 2 The Box-Cox transformations for M = 6 were also applied for all meaningful subsets with no sign conditions. Unfortunately, the same statistically best regression subequation as (6.4), which corresponds to m = 1, was obtained from among all 6,144 meaningful subsets in about 1 minute 19 seconds of CPU time where 6 × 1024 = 6144. The Box-Cox transformations for m = 2, 3, . . . , 6 were not effective.
So far the practically best regression subequation has not been found in the previous two steps of trial and error. Let us introduce scientific conditions on the regression coefficients in addition to the knowledge for variable classification and extend OLS to Box-Cox transformation.
Step 3 The increases in the data of variables X k 's for k = 1, 2, 3, 4, 5, 11, 12 press the prefectural governments to hire more civil servants, requiring that their regression coefficients assume the + signs and then leading to a one-tailed t-test hypothesis testing for these regression coefficients. On the other hand, the increases in the data of variables X 6 and X 10 reduce the amount of administrative work so that the prefectural governments can reduce the number of civil servants, requiring that their regression coefficients assume the − signs and then leading to a onetailed t-test hypothesis testing for these regression coefficients. The regression coefficients of X 7 , X 8 and X 9 (and X 0 ) can assume either a positive or negative sign, leading to a two-tailed t-test hypothesis testing for these regression coefficients. Variable X 1 and a pair of X 2 and X 3 are specified as < 1 < +X 1 , (+X 2 , +X 3 ) > 1 >. Variables X 4 and X 5 should be set as < 1 < +X 4 , +X 5 > 1 >. Finally, < 0 < −X 6 , X 7 , X 8 , X 9 , −X 10 , +X 11 , +X 12 , +X 13 > 8 > is proper.
We set M = 6 for the Box-Cox transformation so that the total number of all possible regressions is 49,146, where 6×8191=49146, whereas the number of all meaningful subsets is 6,144, where 6 × 1024 = 6144. Hence, the remaining 43,002 nonempty subsets are regarded as meaningless from the administrative viewpoints. The following functional form was inputted together with the same statistical criteria as before:
The following practically best regression subequation was obtained from among 6,144 meaningful subsets in less than 3 seconds of CPU time: 4094 are automatically calculated and plotted in the diagram (not cited here). The CPU time was furthermore reduced. If a + or − sign is specified in front of an explanatory variable in a functional form, the CPU time is reduced, because the calculation of percentiles of statistical distributions is not needed, if the regression coefficient of a + or − signed explanatory variable is not consistent with the specified sign, implying that that regression subequation is already unsatisfactory. The Chow equal coefficients test and the Goldfeld-Quandt homoscedasticity test were not utilized because X 13 was selected in (6.6). Accordingly, we subtract from y 46 the number of civil servants hired for dealing with the work related to the US military forces in Okinawa (t = 46) characterized by the dummy variable X 13 in (6.6), denote the new data set by
Since the null hypotheses of these tests were maintained, the practically best regression subequation (6.6) was finally adopted for policy making with a 14.5% total risk of committing a type I error or with a 14.5% total risk that (6.6) was actually not best.
Normal random simulations
We regard the practically best regression subequation (6.6) as true and conduct 100 simulations by normal random numbers with N (0, 3.53683), which are assigned to a disturbance term, under the following 5 simulation environments.
Simulation 1 by normal random numbers:
Suppose that we do not have the professional knowledge about variable classification and the signs of regression coefficients. The functional form (6.1) was used under the same statistical tests and criteria as in Step 1 (with the normal random number command). Then, 0 out of 100 simulations (0%) revealed the best subset {X 0 , X 1 , X 5 , X 13 } of (6.6) in 9 minutes 627 milliseconds of CPU time. 819,100 possible subsets were examined. Simulation 2 by normal random numbers:
Next, we assumed that we have the professional knowledge about variable classification but not about the signs of their regression coefficients. The functional form (6.3) was used under the same statistical tests and criteria as in Step 2 . Then, 2 out of 100 simulations (2%) revealed the best subset {X 0 , X 1 , X 5 , X 13 } in about 1 minute 24 seconds 972 milliseconds of CPU time. 102,400 meaningful subsets were examined. Simulation 3 by normal random numbers:
Furthermore, we assumed that we have the professional knowledge about variable classification and the signs of their regression coefficients. The functional form (6.5) was used under the same statistical tests and criteria as in Step 3. Then, 31 out of 100 simulations (31%) revealed the best subset {X 0 , X 1 , X 5 , X 13 } in 43 seconds 452 milliseconds of CPU time. 102,400 meaningful subsets were examined.
Simulation 4 by normal random numbers:
We regard the practically best regression subequation (6.6) as true and conduct 100 simulations by normal random numbers, which are assigned to a disturbance term. Suppose that we do not have any professional knowledge about the signs of regression coefficients. The following functional form was inputted Y 4 = F (X 0 , < 3 < X 1 , X 5 , X 13 > 3 >). (6.7) Then, 45 out of 100 simulations (45%) revealed the best subset {X 0 , X 1 , X 5 , X 13 } of (6.6) in 620 milliseconds of CPU time. Simulation 5 by normal random numbers:
Next, the professional knowledge about the signs of their regression coefficients was used. The following functional form was inputted Y 4 = F (X 0 , < 3 < +X 1 , +X 5 , +X 13 > 3 >). (6.8) Then, 64 out of 100 simulations (64%) revealed the best subset {X 0 , X 1 , X 5 , X 13 } in 460 milliseconds of CPU time.
We can say from the Steps 1 to 3 and the Simulations 1 to 5 that the correct professional knowledge for variable classification and the sure sign (and magnitude) conditions must be employed, if they are a priori known and available. An unaccountable regression subequation is easily selected as best, otherwise.
Concluding remarks
Various statistical tests and estimation methods have been proposed in the literature. Nonetheless, any method to systematically utilize them has not been proposed to search for the best regression equation. It is impossible to define the perfect, optimal or impeccable regression equation, so long as the NeymanPearson approach is taken. In actual and responsible applications of regression analysis, the professional knowledge or information based on the science(s) related to the research in question is usually needed in addition to statistical and data-analytic knowledge. The author has defined the practically best regression equation. Users of regression analysis have been waiting for a method to concretely solve a variable selection problem for the Box-Cox transformation. It is urgent to create such a method, because valuable resources have been wasted in the world every day.
To shed some light on the problem, the author concretely formulated the j-th OLS-best subset problem for the Box-Cox transformation, proposed a knowledgebased variable selection method to solve it and demonstrated how to solve it in three steps and five normal random simulations. The proposed variable selection method is quite resource-saving. The following cases are not here referred to: (i) lagged dependent variables are used as possible explanatory variables, (ii) the Box-Cox transformation is used for all or some possible explanatory variables and (iii) constraints are imposed on the regression coefficients of some explanatory variables. However, it is not difficult to handle them. The concepts and computational techniques proposed are quite effective for reducing research costs and for teaching beginners in statistics, including undergraduate students, up to advanced applied researchers, including business strategists and policy makers, regression analysis and its extensions. The author hopes that this will contribute to making statistics a more useful and pleasant science than at present.
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